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Abstract 

In this paper, we investigate a class of stochastic impulsive fractional 
differential evolution equations with infinite delay in Banach space. Firstly 
sufficient conditions of the existence and uniqueness of the mild solution 
for this type of equations are derived by means of the successive approxi¬ 
mation. Then we use the Bihari’s inequality to get the stability in mean 
square of the mild solution. Finally an example is presented to illustrate 
the results. 
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1 Introduction 

In resent years, the differential equations of fractional order have been widely 
studied by many authors (see [1, 12, 14, 26, 24, 19] and references therein ) due to 
their application in many practical dynamical phenomena arising in engineering, 
physics, economy and science [6, 5, 3, 18, 9]. Very recently, the author of 
[25] established the sufficient conditions for the existence and uniqueness of 
mild solution for impulsive fractional integro-differential evolution equations 
with infinite delay by means of the Kuratowski measure of noncompactness and 
progressive estimation method. 

It is well known that time delay phenomena are frequently encountered in 
a variety of dynamic systems such as nuclear reactors, chemical engineering 
systems, biological systems and population dynamic models, at the same time 
environment noise often perturbed many branches of science, for this reason 
when we take environment noise and time delays into account (see [2, 4, 7, 8, 
11, 13, 15, 16, 17]), it is reasonable to consider the stochastic fractional evolution 
equations with delays. 
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This paper is concerned with the existence and uniqueness of mild solutions 
for Cauchy problems for the stochastic impulsive fractional evolution equations: 

f Df[x'{t) - g(t,x t )\ = Ax(t) + f{t,x t ) + t e J, t ± U, 

< Ax(ti) = Ii{x ti ), Ax’(ti) = Ji{x ti ), i = 1,2, (1) 

{ xo = <p € B, x' 0 = x\ € H 

where J=[0,&],0<a<l, Df denotes the Caputo fractional derivative 
operator of order a. A : D(A) C H —> H is the infinitesimal generator of a 
sectorial operator, g, f : J x B —» H and a : J x B —> C(G , H) are appropriate 
mappings. Here B is an abstract phase space to be defined later. The history 
x t : (—oo,0] —> H, Xt(s) = x(t + s),s < 0 belongs to the abstract phase space 
B. Moreover, we denotes A x(U) = x(tf) — x(t~) for 0 < to < < • • ■ < t m < 

t m +1 = b which are fixed numbers. Let x(tf) and x(t~) represent the right and 
the left limits of x(t) at t = U respectively, Similarly A x'{U) = x'(tf) — x'{t~) 
has the same meaning. 

Let be a complete probability space equipped with some filtration 

{Pt}t>o satisfying the usual conditions, i.e., the filtration is right continuous and 
increasing while To contains all P-null sets. H , G be two real separable Hilbert 
spaces. < • >Hi < •) • >G denote the inner products on H and G, respectively. 

And | • | h, I • |g are vector norms on H } G. Let C(G,H) be the collection of 
all inner bounded operators from G into H, with the usual operator norm |j ■ |j. 
The symbol {w(t),t > 0} is a G valued {P*}t>o Wiener process defined on the 
probability space (f 1,T,P) with covariance operator Q , i.e. 

E < w(t),x >g< w(s), y >g= (t A s') < Qx, y > G , Vx,y eG 

where Q is a positive, self-adjoint and trace class operator on K. In particular, 
we regard {w(t),t > 0} as a G valued Q wiener process related to {T t }t >o (see 
[2, 13]), and w(t) is defined as 

OO 

w(t) = ^2 \/KPn(t)e n , t > 0, 
n— 1 

where /3 n (t) (n = 1,2,3,...) is a sequence of real valued standard Brownian 
motions mutually independent on the probability space (f2, J 7 , P), let A„ (n € N) 
are the eigenvalues of Q and e n (n G N) are the eigenvectors of A n corresponding 
to A„. That is 

Qc n — A n e nj n 1, 2,3,.... 

In order to define stochastic integrals with respect to the Q wiener process w(t), 
we let Go = Q 1 ^ 2 (G) of G with the inner product, 

< u, v >g 0 =< Q 1/2 u,Q 1/2 v > g ■ 

It’s easy to see Go is the subspace of G. Let £]] = £ 2 (Go, LI) denote the 
collection of all Hilbert Schmidt operators from Go into H. It turns out to be 
a separable Hilbert space equipped with the norm 

IMlico = tr((ipQ 1,2 ){ipQ 1/2 y): yip & c%. 
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Clearly, for any bounded operator ip £ C(G,H), this norm reduces to HV’ll^o = 
tr^Qip*). 

Let d> : (0, oo) —> be a predictable and T t adapted process such that 

E||$(s)||^ods < oo, Vi > 0. 

Then we can define the H valued stochastic integral 

$(s)du>(s), 

which is a continuous square-integrable martingale [21]. In the following we 
assume a : J x B —> in (1). To the best of our knowledge this is the first 
time to consider the existence and uniqueness of the mild solution for Cauchy 
problem (1). 

The remainder of this paper is organized as follows. In section 2, we give 
some preliminaries which are used in this paper. In section 3, we give sufficient 
conditions for the existence and uniqueness of the mild solution of system (1). 
In section 4, some sufficient conditions are introduced to guarantee the stability 
in mean square of the mild solution. In the last section, we present an example 
to support the results. 

2 Preliminaries 

The collection of all strongly measurable, square-integrable and //-valued ran¬ 
dom variables, denoted by is a Banach space equipped with norm 

||x(-)||l 2 = (E||a;(-)||| / ) 1 / 2 , where the expectation E is defined as Ex = f n x(cu)dP. 
Next, we present an axiomatic definition of the phase space B introduced in [8] 
and [23], where the axioms of the space B are established for J^-nreasurable 
functions from (—oo,0] into H, with a norm || ■ ||g which satisfying 

(Al) If x : (—oo, b] — > H, b > 0 is such that xq £ B, then, for every f 6 J, the 
following conditions hold: 

(1) x t £ B, 

(2) \x{t)\ < L\\x t \\ B , 

(3) \\xt\\ B < T(t) sup 0 < s < t [z(s)| +/V(t)||a;o|| B , 

where L > 0 is a constant; T, N : [0, + 00 ) —» [1, + 00 ) are mappings. T is 
continuous and N is locally bounded. L, T, N are independent on x(-). 

(A2) The space B is complete. 

Then we have the following useful lemma (see [23]). 
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Lemma 2.1. Let x : (— 00 , 6 ] —>• H be an Ft adapted measurable process such 
that the Fq adapted process xo = £ L 2 (Ll, B), then 

E||z a ||B < N b EMe + r 6 E( sup ||s(s)||), ( 2 ) 

0 <s<b 

where N b = sup teJ {N(t)} and r& = sup tg j{r(f)}. 

Definition 2.1. Denote by M 2 ((— 00 , b\,H) be the space of all H- valued cadlag 
measurable Ft adapted process x = {.'c(f)}_ 0 o<t <6 such that 

(i) Xo = ip £ B and x(t) is cadlag on [0, b\ ; 

(ii) endow the space Al 2 ((— 00 , b\, H) with the norm 

INI m 2 = EII^IIb + E(sup |x(t)| 2 ) < 00 . (3) 

teJ 

Then M 2 ((— 00 , b ], H) with the norm (3) is a Banach space, in the following 
of this paper, we use || • || for this norm. 

Definition 2.2. A stochastic process x(t) : t £ (— 00 , 6 ] — > H is called a mild 
solution of ( 1 ) if 

(i) x[t) is measurable and F t adapted for all t £ (— 00 , b), and {x t : t £ [ 0 , b]} 
is ibvalued; 

(ii) / Q b ||x(s)|| 2 ds < 00 ,P-a.s.; 

(iii) x(t) has cadlag path on t £ [0, b] a.s. and x(t) satisfies the following 
integral equation for each t £ [ 0 , 6 ], 
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(iv) xo = ip £ B. 

Remark 2.1. We should mention an important property of S 7 (t) and T 7 (f), 
that is there exist positive numbers M, Mb such that || -S'-y (i) ||M and 
||T 7 (£)| \c(g,h) < t 1 ~ 1 Mb for J g J, 7 g (0,2) ([14]), which plays an important 
role in the following discussion. 

Lemma 2.2. (Bihari’s inequality) Assume T > 0, ug > 0 and u(t), v(t) be 
continuous functions on [0, T], Let k : R+ —>• R+ be a concave continuous and 
nondecreasing function such that k (r) > 0 for all r > 0. If 

u(t) < uq + f v(s)u(u(s))ds for all 0 <t<T, 

Jo 


then 

u(t ) < G~ 1 {G(uq) + f u(s)ds) 

Jo 

and for all t £ [0,T], it holds that 

G(uq) + f v(s)ds £ Dom(G~ 1 ), 

Jo 

where G(r) = f] ^y, r > 0 and G^ 1 is the inverse function ofG. In particular, 
if uo = 0 and f Q+ = oo, then u(t) = 0 for all 0 < t < T. 

The following lemma is useful in the proof of the exponential stability of the 
mild solution which is an analogue of Theorem 18 of [23]. 

Lemma 2.3. [22] Let the assumption of Lemma 2.2 hold and v(t) > 0 for all 
t £ [0,T], If for all e > 0, there exists t\ > 0 for all 0 < uq < e, v(s)ds < 
fu 0 holds. Then for every t £ [ti,T], the estimates u(t) < e holds. 

3 Existence of the mild solution 

In this section we first make the following hypotheses. 

(HI) g,f: J x B —► H and a : J x B —> H satisfy 

l 5 (i.^)- 5 , (^</ > )| 2 V|/(L 75 )-/(L 0 )| 2 V|cr(t,^)-a(t ,(/>)| 2 < K(\\ip-<j> ||), for 
all t £ J,(p, (j) £ B, where k(-) is a concave, nondecreasing and continuous 
function from R + R + such that k(O) = 0, n(u) > 0 for u > 0 and 

io+ 4fy = °°- 

(H2) Ik, Jk : B —>• H are continuous and there are positive constants pk, qk(k = 
1,2,..., to) such that for each <p,(j> £ B, 

\h(<p) - 4(^)| 2 < Pk\W - </>|| 2 , - Jk{4>) I 2 < <lk\W - ^|| 2 - 
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(H3) \g(t, 0 )| 2 V |/(£, 0 )| 2 V \<j(t, 0 )| 2 < K , K is a positive constant, and Ik{ 0) = 
0, Jfc(0) = 0, k = 1,2 ,... , to. 

We consider the sequence of successive approximations defined as follows: 

x°(t.) = S q (t)ip( 0) + f 5 g (s)[a:i - 5 ( 0 , <p)]ds, t G J, (7) 

JO 


x n (t) = S q (t)ip( 0)+ [ S q (s)[x! - g(0,ip)]ds + ^2S q (t x ) 

•'° u<t 

+e r ^ - s(t<, zr 1 +< _i )] ds 

ti<t ■'*< 

+ [ Sq(.t - s)g(s,x™~ 1 )ds + f T q (t- s)f(s,x 1 f~ 1 )ds 
Jo Jo 

+ f T q (t — s)<t(s, &" _ 1 )dtt;(s), t G J, n > 1 , ( 8 ) 

J 0 

a: n (7) = ^(t), —00 < t < 0,n > 1. (9) 

Lemma 3.1. Assume the (H1)-(H3) hold, and 

m m 

7mM 2 T b J2Pi + ldniM 2 b 2 T b ^ q t < 1, 

i—1 i= 1 

t/ien. x n (t) G Al 2 ((— 00 , 6 ); 77) for all t, G (— 00 , b], n > 0, that is 

E||x n (t )|| 2 < M, n = 1,2.... (10) 

where M is a positive constant. 

Proof. Obviously x°(t) G M 2 {{— 00 , 6 ), 77), and 
E|X"(7 )| 2 

<7E|5,(7)^(0 )| 2 + 7E| [ S,(«)[*! - g(0, <p)]ds\ 2 
Jo 

+7E\J2s q (t-t l )h(xl- 1 )\ 2 

ti<t 

+7E| ^2 [ S q( t ~ sMK- 1 ) ~ gitux?- 1 + 4:« -1 )) +g(7 i ,a:rr 1 )]ds | 2 

ti<t •' t * 

+7E| [ S q {t-s)g{s,x n - 1 )ds\ 2 +7E\ ( T q {t - s)f{s,x n ~ 1 )ds)\ 2 
Jo Jo 

+7E| [ T q {t- s)a(s,x r f- 1 )dw(s)\ 2 
Jo 


— Ai + A2 + A3 + A4 + A5 + Ag + A7. 
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It’s easy to get the estimations Ai < 7M 2 E|<p(0)| 2 , A 2 < 21M 2 b 2 (\xi\ 2 + 
«(IMI|) + K ), and 

A 3 < 7ml 2 Y e II^« _1 )IIb < 7 mM 2 Y p i E||*?- 1 || B . 

ti<t u<t 

By the fact ||5' 7 (t)||£(G,i?) < Af and (H2)-(H3), we have 


A 4 < UE\Y [ S q (t - s^x^dsf 

u<t 




< 14mM 2 6 E f | Ji(a:ti)| 2 ds + 14 toM 2 6 X)E/ «(|/(xS- , )| 2 )d. 

ti<t '’ ti ti<t 

< 14toM 2 6 2 

u<t 


A 5 < 7E| f S q (t- s)g(s,x” 1 )ds| 2 
Jo 

< 7M 2 bE f | 5 (s,< _1 )-g(s,0)+5(s,0)| 2 ds 

Jo 

< 14M 2 6E f [^(s,^- 1 ) - <?(s,0)| 2 + |<?(s,0)| 2 ]ds 

Jo 

< UM 2 b [ «;(||x" _1 ||g)ds + lAM 2 b 2 K. 

Jo 

Since WT^^W^g.h) < t 1 ~ 1 Mb and (H1)-(H3), we get the following inequality 


A 6 < 7E| [ t T q (t-s)f(s,x:- 1 )ds\ 2 

Jo 

h2q-l ft 

< 7M b 2q _ i E J l/( s ^? _1 )-/(s,0) + /(s,0)| 2 ds 

;2 9 -l rt i2q 

< y o "(EibriDds+idM* 2 — T ^r. 


We apply the Holder inequality and the Burkholder-Davis-Gundy inequality to 
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A 7 < 7E| f T q (t — s)cr(s,x™ 1 )dw(s)| 2 

Jo 

< 7E f \T q (t — s)a(s, z" _1 )| 2 ds 

Jo 

< 7M 2 b 2q ~ 2 E / |cr(s,a;" _1 ) — o(s, 0) + o(s, 0)| 2 ds 

Jo 

< 14Af 2 b 2q ~ 2 [ «(E||a;" _1 ||g)ds + 14M 2 b 2q ~ 1 K. 

Jo 


Cl = 7M 2 E|^(0)| 2 + 21M 2 6 2 (|zi| 2 + k(|M||) + .K) 

b 2q 

+14 M 2 b 2 K + 14M? - K + 14M 6 2 6 2 « _1 , 

2q — 1 

the estimations for A* (i=l,2,. .. ,7) together yields 

E|X”(t)| 2 < ci + 7mM 2 ^ ft E||^“ 1 || B + UmM 2 b 2 ^ q t E||s£ _1 ||| 

ti<t ti<t 

+14 mM 2 b^2 f K(E(pj||a;". _1 )|||)ds 

h 2q-l rt 

+(14M 2 6 + 14M 2 --- + UM^b 2q ~ 2 ) / K(||xr |ll)ds. 

2q — 1 Jo 

By Lemma 2.1 and the property of k(-), we can find a pair of positive constants 
a and f3, such that k(u) < a + fdu, \/'u > 0. Then 

E sup |X n (s)| 2 

0 <s<t 

< ci + 7m.M 2 N b ^ pjE||<p||B + 14 mM 2 b 2 ^ pjE||y>||B + l4m 2 M 2 b 2 a 

ti<t ti<t 

7,29-1 

+(UM 2 b + 14M 2 --- + 14M 2 b 2q ~ 2 )ba 

+(7mM 2 riV P , + UmM 2 b 2 T b V ®)E sup |X n_1 (s)| 2 

U<t U<t 0<s<t 

b 2q ~ 1 

+ (14toA/ 2 6 ^ Pi + 14M 2 6 + 14Af & 2 --- + 14A4 2 & 2 «“ 2 ) 

u<t q 

x/3E f sup |a;" _1 (0)|ds, 

Jo 0 <9<s 
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and 


max {E sup |x n (s)| 2 } 

1 <n<k 0 <s<t 


< ci + 7mM 2 N b ^ p,;E||<p||b + 14 mM 2 b 2 ^ piE||<p||g + 14 m 2 M 2 ba 

u<t ti<t 

b 2q ~ l b 2q ~ l 

+(14 M 2 b + 14M 2 -——— + 14M 6 2 —— -)ba 

+(7mM 2 rf, pi + MmM 2 b 2 rb'S~' <?,) max E sup |X"(s)| 2 

1 <n<k 0<Q<t 

u<t u<t - - u - s -' 

r 2 <j- 1 k 2 g —1 

+(14toM 2 6 ^ Pi + 14M 2 6 + 14M 2 -- + 14M 6 2 ---) 


x/3 / max E sup |x n (s)| 2 ds. 
Jo 0< S <t 


If we let 

_ ci + 7mM 2 N b J2 ti< tPi E \\ i P\\B + 14mM 2 6 2 ^ ti<t ftE||(p|| J £5 
1 - 7mM 2 T b E ti <tPi ~ 14mM 2 6 2 r b J2 ti<t ft 
14 m 2 M 2 ba + (14 M 2 b 2 + 14 M 2 b 2q + 14 M 2 b 2q )a 

+ 1 - 7mM 2 T b Y Jti<t Pi - 14mM 2 6 2 r 6 X; ti < t ft 

(14mM 2 &X; t . <t Pi + 14M 2 6 + 14M 2 g^ + 14M 2 & 2< ?- 2 )/3 
C3 1 - 7mM 2 T b J2 ti<t Pi ~ MmM 2 b 2 T b 

then 


max (E sup |^ n (s)| 2 } < C 2 + C 3 f max E sup |x"(s)| 2 ds, (11) 

l<n<fc 0<s<t Jo 0<s<t 


by the Gronwall inequality we have 

max (E sup |x"(s)| 2 } < C 2 e C3 . 

1 <n<k 0<s <t 


Due to the arbitrary of k 1 we have 

E sup |x n (s )| 2 < C 2 e C3 , forallO < t < b, n > 1. 

o <s<t 


Consequently, 

ll*"(*)H 2 < EH^Hl + E( sup |x n (s)| 2 ) < Ell+ll 2 + c 2 e ° 3 < oo, ( 12 ) 

0 <s<b 


so we can take M = E||<p||g + C 2 e C3 . This completes the proof of Lemma 3.1. □ 
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Theorem 3.2. If (H1)-(H3) and 

m mm m 

m.ax{7mM 2 Tb^^Pi + lAmM 2 b 2 Y b ^ q i} 7mM 2 + 7 mM 2 b E <h) < i 

2 = 1 2=1 2=1 2=1 

(13) 

hold, then the Cauchy problem (1) has a unique mild solution on (—oo, 6 ]. 

Proof. Since 

\x n+l {t)-x n {t)\ 2 

ti<t 

+ E /* s & 

- E f + Uix 1 ^- 1 )) - g(ti,x r 1 + I^- 1 )) 

ti<t " 

+g(t i ,x l + n - 1 )-g(t i ,xl- 1 ))ds 

+ f S q (t- s)[g(s,a;^ +i_1 ) - ^(s,^ -1 )] +T q (t- s)[/(s, - /(s, z” _1 )]ds 

+ [ - s)[(j(s,a;^ +i_1 ) - a-(s,^ _1 )]dw(s)| 2 . 

By the fact ||S' 7 (t)|| z; ( Gjff) < M, ||T 7 (i)|| £ ( GiH ) < C~ x M h for t e J and (Hl)- 
(H3), we get 


\x n+l (t) -x n (t)\ 2 

<7| ^5 a (t-t i )[/i« +, - i )-/<(*r i ) 


+71 E f ^ - s )[ J « +i_1 ) - ^« _1 )]d S | 2 

ti<t ^ ti 

+71E f - «)[»&. <" _1 +/iO#"- 1 )) - +i i «- i ))]d S | 2 

U<t ■' t i 

+7IE [ s q(t-- g(ti,x^)]ds\ 2 


+7| [ Sq(t - s)[g(s,x™ +l 1 ) — <?(s, 1 )]ds| 2 

+ 1 [ T q (t — s)[/(s,a;g +Jii ^) — /(s,a;" _1 )]ds| 2 

+7| / T g (t-s)[f7(s,< + ^)-cr(s,<“ 1 )]dw;(s)| 2 
J 0 
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< 7mM 2 Y'p i sup \x l+n - 1 (s)-x n -\s)\ 2 

ti<t °- s -* 

+7 mM 2 b qj sup 

u<t °< s < 4 

+7m.M 2 V'' f k(( 1+Pi) sup |s i+rl_1 (s) — a: n_1 (s)| 2 )ds 

U<t•*** 0 <s<ti 

+7 toM 2 V f K ( sup |^ +n - 1 (s)-x ri - 1 (s)| 2 )ds 

0<s<ti 

+7M 2 b f k( sup |®‘ +n - 1 (r)-®"- 1 (r)| 2 )ds 

JO 0<r<s 
L2g-1 ft 

+7M 2 - -- / K ( sup |® ,+n - 1 (r)-s n - 1 (r)| 2 )ds 

2<Z ^ 1 Jo 0<r<s 

+7M 2 b 2q ~ 2 f k{ sup |z' +n - 1 (r)-:E"- 1 (r)| 2 )ds 

JO 0<r<s 

= (7mM 2 ^2pi + 7mM 2 b^2qi) sup | x^"- 1 (s) - x"- 1 (s)\ 2 

ti<t ti<t 0<s<t 

+7mM 2 ’S~\ f k(( 1 +Pi) sup |a: /+n_1 (r) — a; n_1 (r)| 2 )ds 

TTT't Jti 0 <r<ti 


J , 7i,f2i 


+(7to 2 M 2 + 7M z b + 7M 2 — -- + 7M%b 2q ) / k( sup |® ,+n - 1 (r) - 


0 0<r<s 


Let p = maxi<j< m pi. Since 

[ k((1 + Pi ) sup \x l+n ~ 1 {r) — a;" _1 (r)| 2 )ds 

Jti 0<r<ti 

< f k(( 1 +j»i) sup |® ,+n - 1 (r)-® n - 1 (r)| 2 )da 

Jti 0 <r<s 

< [ k(( 1 + p) sup |s ,+n - 1 (r)-®"- 1 (r)| 2 )ds. 

JO 0<r<s 

Obviously /t o a(-) = /c(a(-)) is also a concave function, then we get 


(14) 


sup \x n+l (t) -x n (t)\ 2 

0 <s<t 


< (7 m.M 2 J2 Pi + 7 mM 2 bJ2qi) sup k” + ' _1 (s) - z" _1 (s)| 2 (15) 


U<t 


U<t 


0 <s<t 


b 2 q ~l 


+(14ra 2 M 2 + 7 M 2 b + 7M 2 ——- + 7 M^b 2q ~ 2 ) 

x f k( sup |x /+n_1 (r) — x n_1 (r)| 2 )ds. 

JO 0<r<s 


(r)| 2 )ds. 
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It is easy to see 

\x n+l (t) — x n (t)\ 2 - {7mM 2 ^2p i + 7mM 2 M 2 b^2q i )\x l+n - 1 (r)~x n - 1 {r)\‘ i 


ti<t 


U<t 


< (14m 2 M 2 + 7M 2 b + 7M 6 2 ——- + 7M[(b 2q ~ 2 ) 
x f k( sup \x l+n ~ 1 (r) - x n_1 (r)| 2 )ds. 

JO 0 <r<s 

From lemma 3.1, we get 

| x n+l (t) - x n (t )| 2 - (7mM 2 + 7™M 2 b ^)\x l+n ~ l (r) - x n ~\r)\ 


(16) 


U<t 


U<t 


h2 q -l ft 

< (14m 2 M 2 + 7M 2 b + 7M? -+ 7 M?b 2q ~ 2 ) / k(2MMs 

2 g -1 Jo 

< Cik(2Mi)t = cot. 

Define 

= c 5 t , ^n+i(t) = c 4 / K(^ n (s))ds, n > 1. 

Jo 


(17) 


(18) 


Choose 6i G [0, b ) such that Cik(cot) < C5, for all 0 < t < 61. 

We give the statement that for any t G [0, 61 ), {<fin(t)} is a decreasing se¬ 
quence. In fact 

<^2(1) = C4 / K(^i(s))ds = C4 / K(C5S)ds < / csds = <pi (t). 

Jo Jo Jo 

By induction, we get 

^n+l(t)=C 4 / K((^„(s))ds < C4 / K(<Pn-l(s))ds = (Pn(t) V 0 < t < &1. ( 19 ) 
Jo Jo 

Therefore, the statement is true, and we can define the function (j>(t) as 

cj)(t) = lim ip n (t) = lim c 4 / fc(iy2 n _i(s))ds (20) 

n—>00 n—> 00 J q 

= lim c 4 / k(<f>(s))ds, 0 < t < bp, 
n^-oo J 0 

By the Bilrari’s inequality, we get (j>(t) = 0 for all 0 < t < b\. It means that for 
all 0 < t < b\ 

lim [E\x n+l (t)-x n (t )\ 2 

n—> 00 

-(7mM 2 ^ K + 7mM 2 b^2q i )-E\x m+l - 1 (t) - ^ _1 (t)| 2 ] = 0. (21) 


ti<t 


U<t 
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Using the assumption of the theorem 7?nM 2 + 7?nA< 1 

and ( 21 ), we get 


lim E| x n+, {t) - x n {t.) | 2 = 0, 0 < t < 6 i, (22) 

n—>oo 

which means that {x n (t)} is a Cauchy sequence in L 2 . Let 

lim x n (t) = x(t), 


obviously 

||ar(i )|| 2 < M, 0 < t < b\. 

Taking limits on both side of equation (8), for all t G [0, &i], we have 


x(t) = 


S q (t)ip(0) + f S q (s)[xi - g(0,ip)]ds+ ^ S q (t-ti)Ii(x ti ) (23) 

"'° n<t 

+ ^2 / S q (t- s)[Ji(x ti ) - g(ti,x ti + Ii(x ti )) +g{ti,x ti )\ds 

ti<t 

+ f S q (t - s)g(s,x s )ds + f T q (t - s)f(s,x s )ds 
Jo Jo 

+ [ T q (t - s)a(s,x s )dw(s). 

Jo 


So we have presented the existence of the mild solution of problem (1) on [0, b\\. 
By iteration we can get the existence of the mild solution of problem (1) on 
[ 0 , 6 ]. 

Suppose that x(t) and x{t) are two solutions of (1). In the similar discussion 
as ( 21 ) we can get 


[1 — (7mM 2 ^2 Pi + 7 mM 2 b Yqmm-m 2 m 

u<t ti<t 

< {ldm 2 M 2 + 7 M 2 b + 7AL& ——- + 7 M^b 2q ~ 2 ) 
x [ ft(E sup \x m+n ~ 1 {r) _ x"- 1 ( r )| 2 )ds, 

JO 0 <r<s 

the Bihari inequality implies Ei\x{t) — x{t)\ 2 = 0, and we have show the existence 
and uniqueness of the mild solution of ( 1 ). □ 


4 stability of solutions 

In this section, we will give the continuous dependence of solutions on the initial 
value by means of the Bihari’s inequality. We first propose the following the 
assumption on g instead of (HI), 
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(H4) g : J x B — 5 - H satisfies | g(t, ip) — g(t, (j >)| 2 < Ki\\p — <j) ||g, where I\\ is a 
positive constant. 

Definition 4.1. [23] Assume a mild solution x^’^ft) of Cauchy problem (1) 
with initial value (i p, x\) stable is said to be stable in square if for all e > 0 there 
exists 5 > 0 such that 

E sup \x^ xi (s)-y^ yi (s)\<e : when E||y> — </>\\g + E|a;i — yi | 2 < S, (25) 

0 <s<b 

where y^’ Vl (t) is another solution of ( 1 ) with initial value (<f>,yi). 

Theorem 4.1. Assume 21mM 2 ^2 t <t pi + 21mM 2 bY^ t <t qi < 1, the assump¬ 
tion of Theorem 3.2 are satisfied and g satisfied (Hf), then the mild solution of 
(1) is stable in mean square. 

Proof. The proof is similar to the Theorem 18 in [23], we here give only the 
sketch of the proof. Using the same arguments as in Theorem 3.2, we get for 
all 0 < t < b , 

E sup | x v ’ Xl (s) — y^ ,Vl (s)\ 2 

o <s<t 

< 3E|S,(iM0) - S q (t)<K 0 )| 2 + 3E| f S q (s)(\ Xl -vi\h + \\<P ~ </>||s)ds | 2 

Jo 

+3(7mAf 2 S^ pi + 7mM 2 b S'' qf )E sup | x v>,Xl (s) — y^’ Vl (s ) 2 

u<t u<t 0<s<t 

b 2q ~ 1 

+3(14 m 2 M 2 + 7 M 2 b + 7 M 6 2 ——- + 7M^b 2q ~ 2 ) 
x [ ft(E sup |^’ a:i (s)-/’ yi (s)| 2 )ds. 

JO 0 <r<s 

Then we get 

E sup \x v ' Xl (s) — y <l> ' yi (s)\ 

0 <s<t 

< j(\ x i-Vi\ 2 + \\t-^\\b) + j [ «(E sup K’ !Bl (s)-|/^ 1 ( a )| 2 )da, 

A A J o 0 <r<s 

where v = max{6M 2 6 2 , 6M 2 b 2 Ki + 3M 2 L 2 } , v = 3(14ra 2 M 2 + 7 M 2 b + 
7M b^pr + 7M 2 b 2q ~ 2 ), and A = 1 - 3(7 mM 2 Y lti < t Pi + 7rnM ^Hu<t &)• 
Since the function k{u) is dehned in (15) which has the property as in Lemma 
2.2. So for any e > 0, letting ei = ^e , we have lim^o f^ 1 ^yd u = oo. 
There exists a positive constant S < e i such that f^ 1 ^jdu > T. Let uo = 
x(ki-yi| 2 + ll^-^b), u(t) = Esup 0 < s < t \x q, ’ Xl (s)-y^ Vl (s)\, v(t) = 1. When 
wo < S < ei, Lemma 2.3 shows that f** -j^jdu > J J 1 -y^ydu > T = f Q v(s)ds. 
So for any t € [0, b], the estimate u(t) < ei < e holds. This completes the proof 
of the theorem. □ 
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5 Application 


In this section, we present an example to show the obtained results. Let H = 
L 2 ([0,7t]), let’s consider the following initial problem. 


{ D?[u't(t,x) - h(s - t, 77, x)u(s, ?y)dryds] 

= -£zu(t, x ) + f(t, f^poisMt - s, a;)ds) + a(t, q 0 (s)u(t - s, z))^^, 
t € J,t^ t p 

A u(U,x) = f_' oo p i (s-t i )u(s,x)ds, 

A u'(ti,x) = q.i(s - ^) 1 + ^ S (’ s ^)| ds, i = 1,2 ,..., to; 
u(t, 0) = u(t, 7 r) = 0, t g [0,1]; u(9, x) = <p(9, x ), 9 € (— 00 ,0], a: G [0, 7 r]; 


< 9 £ 


w( 0 ,a;) = z(x),x € [ 0 , 7 r]. 


We present the abstract phase space 0 as, 

0 ={'!/’ : (—oo, 0 ] —»• R : (A7|-0(0) | 2 ) 1//2 is a bounded and measurable 


function on [—a, 0] and / p(s) sup (.E|^(0)| 2 ) 1 / 2 ds < 00} 

J —00 

where p : (— 00, 0] —» (0, 00) is a continuous function with l = Jp(t)dt < 00. 

Let HV’Hb = /° oo p(s)sup s < e < o (0|V’(6')| 2 ) 1/2 ds, for all t/> e 0, then (0, ||^|| B ) 
is a Banach space (see [10]). Obviously the operator A : H —> H by A = 
JLj. with domain D(A) = {z € H : 2 ( 0 ) = 2 ( 71 -) = 0} is the infinitesimal 
generator of a strongly continuously cosine family[20]. So ||5' 7 (t)||£(G,i/) < M, 
||T 7 (i)|| c(g,h) < Mi. We suppose that 

(a) h(s,r),x), ) are measurable, h(s,r/, 0 ) = h(s, 77 , 77 ) = 0 , 

L„ = ma^jT f ^ £ -L_(AAf£)) 2d , dsdl ]i : * = 0 , 1 } < =o, 

and 

!/(*,€) — /(*>01 < Li||^-C|| B , Kt,£) — cr(i,C)l 
< Li||^-Cb, t€[o,i],^,C€ 0 , 

where Li, L 2 , are two positive constants. 

(b) pi(9) <E C(R,R+) and ft = ^^dfl)^ < 00 , i = 1,2,... ,m. 

(c) q£9) e C(R,R+) and ® = (f 0 ^ ^-d9)? < 00 , i = 1, 2,..., to. 

Let L = max{Lo,Li,L 2 }, since we can take k(i?) = L • 9 which is a concave 
function as in (HI), so (H1)-(H3) hold. 



REFERENCES 


16 


By computation we have 


I / h(s 

J —oo J 0 

< L 0 \\u(t,r]) 


-1, i ), x)u(s, q)dqds 
u{t,r]) || B 



t, 77 , x)u(s, 77 )d? 7 ds| 


and it is obviously ||Mt||e < Zsup 0<s<t (E\\u(s,x)\\ 2 ) 1 ^ 2 + \\g>(6,x)\\is- According 
to Theorem 3.2 we get the conclusion that when 


m mm m 

max{7 mM 2 l pi + 14 mM 2 l qi, 7 mM 2 pi + 7 mM 2 E Qi} < 1, 

i— 1 i=1 i =1 i =1 


problem (26) has a unique mild solution on (— 00 , 1 ]. 
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